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To establish similarity and dissimilarity between two
groups or between two elements the similarity and
distance measure has becomes an imperious tools. Many
researchers proposed various similarity and distance
measures by using different approaches. In which some
are probabilistic in nature and other are non-probabilistic
in nature. Here we discuss some non probabilistic
similarity and distance measures by using fuzzy rough set
approach. We also prove the validity of this proposed
measure and discuss it application for decision making
problem. We also compare proposed measures. The
proposed measures can provide a useful tactic to
measure the similarity and dissimilarity between fuzzy
rough sets and between their elements.
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1 Introduction:

The real world is full of uncertainty, imprecision and vagueness in fields such as medical sciences, social
sciences, engineering, economics etc. Classical set theory, which is based on the crisp and exact case may
not be fully suitable for handling problems of uncertainty of such fields. So many authors have become
interested in modeling uncertainty recently and have proposed various theories. Theory of fuzzy sets [1],
theory of intuitionistic fuzzy sets [2], theory of vague sets [3] and theory of rough sets [4] are some of the
well-known theories. In these theories, the concept such as cardinality, entropy, distance measure and
similarity measure is widely used for the analysis and representation of various types of data information
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such as numerical information, interval-valued information, linguistic information and so on. The theory
of fuzzy sets and rough sets are generalizations of vagueness and uncertainty. The concept of fuzzy set
was introduced by Zadeh in his classical paper [1] in 1965. The concept of rough sets has been introduced
and developed by Pawlak and co- workers [2, 5, 6] in deterministic and probabilistic sense. Although fuzzy
sets and rough sets are methods to handle vague and inexact information, their starts and emphases are
different. While some authors argued that for both theories, one theory is more general than other
theory [3, 7], it is generally accepted that both theories are related but distinct and complementary
theories [8, 9, 10]. The fuzzy sets emphasize on the morbid definition of the boundary of sets, in which the
relations of “belonging to” and “ not belong to” between elements and sets in the classical set theory are
characterized by the membership degree; while rough sets use the approximation given the equivalent
relation of the classical sets to research the indistinguishable of elements. Two theories of different
points of view may complement each other. There are huge analyses on the relationship between rough
sets and fuzzy sets [7, 8, 9 and 10]. For the combination of rough and fuzzy sets several suggestions have
been made. The effect of these analyses directed towards the initiation of the notions of rough fuzzy sets
and fuzzy rough sets [8, 11, 12, 13 and 14]. In [10] Yao state that a fuzzy rough set is originating from the
approximation of a crisp set in a fuzzy approximation space. It is a duo of fuzzy sets in which the
membership of an element is influenced by the degrees of similarity in all those elements in the set.
Nanda and Majumdar [11] proposed fuzzy rough sets in 1992.

The measurement of uncertainty is an important topic for the theories dealing with uncertainty. The
similarity measure, distance measure, entropy in fuzzy set theory and the relationship among these
measures have been extensively studied for their wide applications in image processing, clustering,
pattern recognition, case-based reasoning and many other fields. Kharal [15] introduced some set
operation based on distance and similarity measures for soft sets. Moreover, the new similarity measures
were applied to the problem of financial diagnosis of firms. On the basis of the distance measures
between intuitionistic fuzzy set, Jiang et al. [16] proposed some distance measures between intuitionistic
fuzzy soft sets and constructed some entropies on intuitionistic fuzzy soft sets and interval valued fuzzy
soft sets. Wang and Qu [17] proposed a similarity measure, a distance measure and an entropy for vague
soft set. Liu [18] investigated entropy, distance measure and similarity measure of fuzzy sets and their
relations. Fan and Xie [19] introduced the similarity measure and fuzzy entropy induced by distance
measure. Similarity measures based on union and intersection operations, the maximum difference and
the difference and sum of membership grades are proposed by Pappis and Karacapilidis [20]. Wang [21]
presented two similarity measures between fuzzy sets and between elements. Zhang et al [22, 23]
proposed similarity measures for measuring the degree of similarity between vague sets and fuzzy rough
sets. Later Niu Qi et al. [24] also intended a new similarity measures on fuzzy rough sets. Later Sharma
and Gupta [25] proposed a sine trigonometric similarity measures on fuzzy rough sets and discussed it’s
application in medical diagnosis. Also Tiwari and Gupta [26] discussed cosine similarity measures for fuzzy
sets, intuitionistic and interval-valued intuitionistic fuzzy-sets with application in medical diagnoses. Here
in first section we give introduction, the rest of paper is summarized as:

In section 2, we discuss theoretical background of related concepts which is necessary for this paper. In
third section we discussed some existing similarity measures which are used as a base of our proposed
measures. In next section we proposed some distance and similarity measures between the elements of
fuzzy rough sets and also show their validity in the form of theorem. In these measures some measures
are trigonometric in nature. In section 5, we proposed similarity and distance measures between the fuzzy
rough sets and show their validity. In next section we discussed an application of proposed measures
related to decision making problem and also compare the proposed measures with the help of numerical
example. At last we conclude the paper.
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2. Theoretical Ground:
In this section we discuss some related concepts and terms of this paper.

Fuzzy Sets: A fuzzy set F on U is characterized by a membership function pz(x):U — [0,1], as
F = {x,ur(x) : x € U}, where U is Universe of discourse. Then F¢ = {x, 1 — up(x) : x € U}. where F® is
the complement of fuzzy set F.

The component-wise representation of fuzzy-set equality and inclusion are as:
F=G6G & pus(x) =p;(x), VxelU,
FCG & pus(x) <ps(x), VvVxelU,
In various descriptions of complement, intersection and union of fuzzy sets, we prefer the standard max-
min system insinuated by Zadeh [1], in which fuzzy-set operations are outlined component-wise as:
pre =1 — pp(x),
trng () = min{up (x), ue ()},
true (x) = max{up (x), pe ()}

A significant feature of fuzzy-set operations is that they are truth-functional. By using the membership
functions of the fuzzy sets one can achieve membership functions of the complement, intersection and
union of fuzzy sets.

Rough Sets: A brief recall of rough set is given in next definition:

Definition: Let U be a non-empty universe of discourse and R an equivalent relation on U, which is called
an indistinguishable relation, U/R = {X;,X;,.....,X,} is all the equivalent class derived from R.

W = (U,R) are called an approximation space. VX € U, Suppose X ={x € U|[x] € X} and X =
{x € U|[x] n X # @}, a set pairs ()_(,)_() are called a rough set in W, and symbolized as X = (5,7); X and
X are the lower approximation and the upper approximation of X on W respecectively.

The strong and weak membership function of a rough set can be characterized by characteristic function
of X and X respectively. Let the membership function of X and R indicated by Uy and pp respectively.
Then lower and upper approximations expressed by the following two expressions:

trooy () = influxy () |y € U, (x,y) ER},
oo () = suplux (W) |y € U, (x,y) € R}, (2.1)
and
trooy () = inf{l —up(x,y) |y € A},
Hry () = sup{up (x,y) | y € 4}, (2.2)

Here definition (2.2) is not described for sets @ and U. In these circumstances, we basically classify
tran(x) =1& 1R () (x) =0,vx € U. In successive conversation, we will not clearly state these
definitions of boundary cases. Based on the two equivalent definitions, lower and upper approximations
may be interpreted as follows. An element x € X if any element not in X is not equivalent to x, namely,
iz (x,y) = 0. An element x € X if any element in X is equivalent to x, namely, iz (x,y) = 1. These two
aspects is significant in the combination of rough and fuzzy set. For convenience, the strong and weak
membership function of a rough set can be precise as:
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Hroy () = inf{max[uy (¥), 1 — up(x,y)] |y € U},
Hroo () = sup{minifiy (v), ur (x, y)] |y € U, (x, ) € R}, (2.3)

For reference sets XNY and XUY, (RXNY),RXNY)) and (R(XUY),R(XUY)) are the
intersection and union of two rough sets (R(X), R(X)) and (R(Y), R(Y)), respectively. With a reference
set X¢, the complement of rough-set is defined by (B(XC),E(XC)).

Fuzzy Rough Sets: The approximation of a crisp set in a fuzzy approximation space is called a fuzzy rough
set. We exclaim the pair of fuzzy set (B(X),E(X)) a fuzzy rough set with reference set X € U. A fuzzy
rough set is characterized by a crisp set and two fuzzy sets:

tron () = inf{l —pp(x,y) |y € A},
Hroo () = sup{ug(x,y) | v € A},

Definition: Let S be the set of the whole rough sets, A = (4,4) € S, then a fuzzy rough set X = (X, X) in
A can be expressed by a pair mapping iy, Uy

ue s X-[01], oy X-[0,1]
Alsopy < py, Vx € 7 And then, a fuzzy rough set X in A could be signified by
X ={{x, 1y, ux) IVx €X }. (2.4)
and {(y)_(, y)—() |Vx € X} is called the value of fuzzy rough of x in A, still written as x.

Suppose X is a fuzzy rough set in A, when A is a finite set, then

n
X= Z(X, py (), g () |x;, x; € X.
i=1
When A is continuous, then
X = j(/.t& Ux) |x,vx € X. over A.

The whole fuzzy rough set in 4 is renowned by FX(X).
Let X = (K, Y) be a fuzzy rough set in 4, X¢ = ({C,YC) is called the complementary set of X = (K, Y),
where pyc(x) =1 — py (x), Vx € X; Hze () =1—-pzlx), vx € X.
The order relation in X is defined by the following condition:
x <y e uy(x) < py () and pg(x) < pg(y).

Similarity Measures: A similarity measure or similarity function is a real-valued function that enumerates
the similarity between two objects. Although, no specific definition of a similarity measures subsisted,
usually such measures are some implication of the inverse of distance measures. Similarity measures are
exploited in system configuration. Higher scores are given to more-similar quality, and lower or negative
scores for dissimilar quality.

A similarity measure is an authoritative measure if it convinced following condition:

1. 0<SMA,B)<1
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S(A,B) = 1 (or maximum similarity) if and only if A = B.

S(A,B) =0ifandonlyif B =1— A or (4°).

S(A,B) = S(B, A) for all A and B, where S(4, B) is the similarity between data objects A and B.
IfA< B cC,thenS(A4,B) = S(A4,C),andS(B,C) = S(4,C).

ukhwn

Distance Measures: A distance measure or distance function is a real-valued function that enumerates
the dissimilarity between two objects. Although, no specific definition of a distance measures subsisted,
usually such measures are some implication of the inverse of similarity measures. Distance measures are
exploited in system configuration. Higher scores are given to more-dissimilar quality, and lower or
negative scores for similar quality.

A distance measure is an authoritative measure if it convinced following condition:

1. 0<D(,B)<1

2. D(A,B) = 0 (or maximum dissimilar) if and only if A = B.

3. D(A4,B)=1ifandonlyif B =1— A or (A°).

4. D(A,B) = D(B,A) for all A and B, where D(4,B) is the measure of dissimilarity between data
objects A and B.

5. fAcBcC(C,thenD(A,C)>=D(A,B),andD(4,C) = S(B, ().

It is easy to see that (5) is equivalentto 6:If A € B € C € D, then D(A,D) = D(B, C).

Proposition 1: There exists a one-to-one correlation between all distance measures and all similarity
measures and a distance measure D and its corresponding similarity measure S satisfy D + S5 = 1.

Because distance and similarity measures are complementary concepts, similarity measures can be used
to define distance measures and vice-versa. Thus § = 1 — D is called the similarity measure generated by
distance measure D and is denoted by S(D) and D = 1 — S the distance measure generated by similarity
measure S and is denoted by D(S).

3. Some Similarity Measures:

In recent years, various researchers and authors recommended and researched different similarity
measure of fuzzy sets and Intuitionistic fuzzy sets [15-27]. Chen [27] is one that gave the similarity
measure related to intuitionistic fuzzy set for measuring the degree of similarity between elements as
follows.

Definition. Let x = [t4(x), 1 — fy(x)] and y = [t4,(y),1 — f,(¥)] be two fuzzy values in IFS A. A degree of
similarity between the fuzzy values x and y can be estimated by the function S,

1
Sc(uy) =1-35IM@) = MG)I, (3.1)

Where M(x) = t,(x) — fu(x) and M(y) = t,(y) — fa(¥).

Definition. Let x = [ t4(x),1 — f,(x)] and y = [t,(¥),1 — f4(3)] be two fuzzy values in IFS A. A degree
of similarity between the fuzzy values x and y can be calculated by the function Sy,

5166 = 150601~ 16O +A@I =MD (32)

In [22], Zhang provide a similarity measure between two fuzzy rough sets and fuzzy rough values as
follows.
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Definition. Let A be a fuzzy rough set in X, x = (us(x), us(x)),y = (y), 1y (y)) the fuzzy rough

values in A. The degree of similarity between the fuzzy rough values x and y can be assessed by the
function S,

1 -
S =1-5(|u@ - )|+ @ -mol) 63

On the basis of fuzzy information handling he identified some axioms or rule which assured the
authenticity of similarity measures of fuzzy rough values. Consider x = (us(x), us(x)),y =

(Ua), na(¥)) and z = (u,(2), us(2)) be the fuzzy rough values in a fuzzy rough set A. Then S is the

similarity measure to quantify the degree of similarity between elements in A, if persuade following
conditions:

1. (symmetry) S(x,y)=S(y,x).

2. (monotony) ifx <y <z thenS(x,z) < min{S(x,y),S(y,2)}.

3. S(x,y) =0iff (x =(0,0)) and (y = (1,1)); or (x =(1,1)) and (y =(0,0));
S(r,y) = 1iff (1a(0) = 1a®)) and (12 () = 12 ))-

4. S(x,y) =S50, y°).

5 VxeX,ifS(,y)=Skx2)=50,z)=1.

Corresponding to the condition of similarity measure between the elements of fuzzy rough sets we define
the condition or necessary axioms for valid distance measure between the elements of fuzzy rough set A
as:

1. D(x,y) = D(y, x), symmetric in nature,
Ifx <y < zthenD(x,z) =max{D(x,y),D(y,z)},
3. D(x,y) =1iff (x =(0,0)) and (y = (1,1)); or (x = (1, 1)) and (y = (0, 0));

D(x,y) = 0iff (2 (0) = 1a)) and (4, ) = 2 ))-

4. D(x,y) = D(x,y°).
5 Vx€eX,ifD(x,y)=D(x,z) = D(y,z) = 0.

N

Here the order relations of the fuzzy rough value as follow:

¥ <y o (1@ < mB)) and (@) < 1,0))

In 2008 Qi et al. [24] proposed a similarity measures between fuzzy rough sets and its elements. The
similarity measures defined by them as:

Definition: Let A € FR(X) and 1,,p,,0, as above. x = (uy(x), ts(x)),y = (us(y), na(y)) in A. The
similarity degree between x and y can be evaluated by the function S,

1
Sx,y)=1- E(p"y + gy, ), (3.4)
where p,, = |px - py| and g, = |o*x - 0y|.
Definition: let A € FR(X) and x = (u,(x), 1y(x)) € A. Then:

T, = Uy(x) — py(x) is called the degree of indeterminacy of the element x € A.
2. py= pu(x) + Topu(x) = (1 + t,)uy(x) is called the degree of favor x € A

3. g, =1—p,x)+1, (1 - ,uA(x)) is called the degree of against x € A.
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Remarks. (1) x is more unspecified for superior value of 7,.. If 7, = 1,i.e.u (x) = 1 and py(x) = 0, then

we know nothing for x; if Vx € 4,1, = 0, then the fuzzy rough set A is a fuzzy set; if Vx € 4, pyu(x) =
Ua(x) = 1(0), then the fuzzy rough set A is a common set.

Corresponding to similarity measure - (3.4) of the elements of Fuzzy rough set Sharma and Gupta [25]
find sine trigonometric similarity measures of fuzzy rough sets elements as:

1
Ssin (x,¥) = sin [g (1 -5 (pry + o—xy)>], (3.5)

4. Some New Similarity & Distance Measures between the Elements of Fuzzy Rough
Sets:

In this section we proposed some new similarity and distance measures between the elements of fuzzy
rough sets by using the existing measures and also by applying proposition 1 stated above.

Corresponding to similarity measures — (3.3) we have distance measure by using proposition 1

1 S —
Do1 () =5 (|10 = )| + e - B)]) @)

Corresponding to similarity measures —(3.3) we have sine and tan trigonometric similarity measures

Spsn1 (6,3) = sin |2 (1 —%(|;u_(x) ~wo)|+ @ -mo))|  @2@)

The similarity measure defined in 4.2 (a) can be represented in the form of cosine trigonometric similarity
measure as:

Soeos1(69) = cos[7 (|40 = )| + [1aCI — )] @20))

Suan10e3) = tan [0 () )| + [0 -mo)l))| @)

Corresponding to distance measure (4.1) we have sine and tan trigonometric distance measures
[ 1 -
Do1sin (x,y) = sin [E(E(|/"A(x) - #A()’)| + [pa () — HA()’)D)]
. T - S - S
Dorsin () = sin 7 (|1a@ — )| + G - )] ¢4

Dorran (63) = tan 2 (@ - )| + 1@ - O)] @5

Corresponding to similarity measures — (3.4) we have distance measure by using proposition 1

1
DOZ('xJ Y) = E(ny + O-xy ); (46)
Corresponding to similarity measures —(3.4) we have tan and cosine trigonometric similarity measures
T 1
SotanZ(x' J’) = tan [Z (1 _E(pxy + O-Xy)>]: (47)
T
Socos 2(X,y) = cos [Z (pxy + oy, )] (4.8)

Here measure —(3.5) is equivalent to —(4.8) measure
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Corresponding to distance measure (4.6) we have sine and tan trigonometric distance measures
3
Dosinz(x; }’) = Sin [Z (,ny + Oyy )], (49)

[
Dotan2(6,) = tan [ (o + 0], (4.10)

where p,,, = |px - py| and gy, = |0x - 0y|.

Now we prove the validity of these proposed measures in the form of theorem by satisfying their axioms
defined above.

Theorem 1: Let A be a fuzzy rough set in X, x = (us(x), us(x)),y = (us(y), 1s(y)) the fuzzy rough

values in A. Then the measure of the degree of dissimilarity between the fuzzy rough values x and y
defined below is a valid measures.

D1 (6,) = 2 (|1ta ) — O] + [1a GO — 2] )

Proof: Since above measure is defined from the valid similarity measure defined below by using
proposition 1.

1 -
Sy = 1= (| = )| + 1@ - 1 o))
Thus it is trivial that proposed distance measure is valid.

Theorem 2: Let A be a fuzzy rough set in X, x = (u,(x), us(x)),y = (us(y), us(y)) the fuzzy rough
values in A. Then the measure of the degree of dissimilarity between the fuzzy rough values x and y

defined below is a valid measures.
1
DOZ(x:y) = E(pxy + axy)

Proof: Since above measure is defined from the valid similarity measure defined below by using
proposition 1.

1
S(x:y) =1 _E(pxy + O-xy)
Thus it is trivial that proposed distance measure is valid.

Theorem 3: Let A be a fuzzy rough set in X, x = (u,(x), us(x)),y = (us(y), us(y)) the fuzzy rough

values in A. Then the following measures of the degree of dissimilarity between the fuzzy rough values x
and y defined below are valid measures.

a. Dosin (x,y) = sin E(LUA_(X) —L()’)| + |1a () — ml)]
b. Dosian (6,3) = tan [ (|1a) = s 0| + 12 = 1201 )|

Proof: First we prove the validity of part (a) to prove the validity of this part we first prove following
lemmas:

Lemma 1: let A be a fuzzy rough set in X, x = (u (x), us(x)),y ={us(»), ua(y))and z =
(uy(2), uys(z)) the fuzzy rough values in A and Dy, (x, ) as above. If x <y < z then Dy, (%, 2) =
maX{DOlsin (X, Y); D01sin ()" Z)}
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Proof: Since in theorem 1 we prove that the measure D, (x, y) is a valid measure so we have (|uA(x) -

HA(2)+uA () —pA(z)2maxudx—pdy +pdx—udy, pA(v) —uA(2) +uA(v)—1A(z)

Since sine is an increasing function in interval [0, ”/2], so we have sin E(|u,4(x) — Uy (z)| +
#A () —pA(z)2maxsinzdud (x) —uA () +ud (x) —#A), snrdud (v)—pA(2) +1A(v) —u1A (z)

Thus we have Dy, (X, 2) = max{Dy1n (x,¥), Do1sin v, 2)}.
Lemma 2: Let A be a fuzzy rough set in X, x = (i, (%), us(%)),y = (us(y), ua(y)) the fuzzy rough
values in A and Dy, (x,y) as above, then

a) Doisin (x,y) = 1iff (x =(0,0)) and (y = (1,1)); or (x = (1,1)) and (y = (0, 0));

b) Dorsen (6,) = 01iff (14 (0) = 14 () and (aC0) = 2 ).
Proof: Since in theorem 1, we prove that the measure D,; (x,y) is a valid measure so for first part for this

lemma we have, (|yA(x) —yA(y)| + |,uA(x) - ,uA(y)|) = 2. Thus we have, sin [%(|;1A(x) —ua)| +
wA(x)—pA(y)=sinz2=1. Hence DO1sinx, y=1iff ¥=0, 0 and y=1, 1, or x=1, 1 and y=0, 0.

Now for second part of this lemma we have (|/,LA(x) —,uA(y)| + |,uA(x) —,uA(y)D = 0. Thus we have
sin 7 (|14 ~ )| + 12 ~ 12 )] )] = 0. Hence Dotsin (x,3) = 0 f
(1@ = 1)) and () = 12 ))-

Lemma 3: Let A be a fuzzy rough set in X, x = (u (%), u (%)), vy = (y), us(y)) the fuzzy rough
values in A and Dy, (x,y) as above, then

a. Doisin (,y) = Doy5in (v, %),

b. Doisin (x,¥) = Do15im (x,¥€)
Proof: Since in theorem1, we prove that the measure Dy, (x,y) is a valid measure so lemma is trivially
proved.
Lemma 4: let A be a fuzzy rough set in X, x = (u (x), us(x)),y ={us(»), ua(y))and z =
(14(2), pa(2)) the fuzzy rough values in A and Dy, (x,¥) as above. If Vx € 4, Dyygn (x,y) =
Do1sin (X, Z) then Dy (y: Z) = 0.

Proof: Since in theorem 1, we prove that the measure Dy, (x,y) is a valid measure so we have (|uA(y) -

HAZ)+uA(y)—uA(z)=0. Thus we have sinz4ud(y)—uA(z)+uA(y)—u1A(z)=0. Hence DO1siny, z=0,
Vx € A! D01sin (X, J/) = DOlsin (X, Z)-

Hence proposed measure is valid measures

Similarly we prove the validity of part (b)
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Theorem 4: Let A be a fuzzy rough set in X, x = (u,(x), us(x)),y = {us(y), us(y)) the fuzzy rough
values in A. Then the following measures of the degree of dissimilarity between the fuzzy rough values x

and y defined below are valid measures.
a. Dnsinz(x' }’) = sin [% (pxy + ny )]'
b.  Dotan Z(x' }’) = tan [% (pxy + Oyxy )]'

Proof: First we prove the validity of part (a) to prove the validity of this part we first prove following
lemmas:

lemma 1: Let A be a fuzzy rough set in X, x = (u,(x), (), y = (), () and z =
(ua(2), pa(2)) the fuzzy rough values in A and Dy, (x, ) as above. If x < y < z then Dyygp (x,2) =
max{Dozsin (X, ¥), Dozsin (v, 2)}.

Proof: Since in theorem 2 we prove that the measure D,,(x,y) is a valid measure so we have
(poy + axy),}

(pyz + GyZ)

(pxz + axz) 2 max{

Since sine is an increasing function in interval [0, ”/2], SO we have
- m

sin [Z (pxy + 0y )] ,

sin E (pyz + 0y, )]

Thus we have Dyyg, (%, 2) = max{Dy,si (X, ¥), Do2sin (v, 2) }.

sin E (0 + axz)] > max

Lemma 2: Let A be a fuzzy rough set in X, x = (/,LA_(x), M),y = (L(y), m) the fuzzy rough
valuesin A and Dy, (x,y) as above, then

a)  Doasin (x,¥) = 1iff (x =(0,0)) and (y =(1,1)); or (x =(1,1)) and (y = (0,0));

b)  Doasin (x,¥) = 0 iff (/iA_(x) = #A_()’)) and (s (x) = 1 ())-
Proof: Since in theorem 2, we prove that the measure D, (x,y) is a valid measure so for first part for this

lemma we have, (pxy + o*xy) = 2. Thus we have, sin E (pxy + oy, )] = sin% = 1. Hence Dy, (x,¥) = 1
iff (x =(0,0)) and (y = (1,1)); or (x =(1,1)) and (y =(0,0)).

Now for second part of this lemma we have (pxy + axy) = 0. Thus we have sin E (pxy + ny)] = 0.
Hence Dozgn (%, ) = 0 iff (#A(x) = #A(Y)) and (us(x) = s ())-

Lemma 3: Let A be a fuzzy rough set in X, x = (u (%), u (%)), y = (U (y), us(y)) the fuzzy rough
values in A and Dy, (x,y) as above, then

a. DOZsin (X, J’) = DOZsin (y: X),

b. DOZsin (X, J’) = DOZsin (xC: )’C).
Proof: Since in theorem 2, we prove that the measure D,,(x,y) is a valid measure so lemma is trivially
proved.
Lemma 4: let A be a fuzzy rough set in X, x = (u (x), us(x)),y ={us(»), ua(y))and z =
(14(2), 1a(2)) the fuzzy rough values in A and Dy, (x,¥) as above. If Vx € 4, Dyygn (x,y) =
Do2sin (X, Z) then Dyyin ()" Z) = 0.
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Proof: Since in theorem 2, we prove that the measure Dy, (x,y) is a valid measure so we have (pyz +
oyz=0.Thus we have sinz4pyz+oyz=0.Hence DO2Zsiny, z=0, Vx€A, DOZsinx, y=LP02sinx,z.

Hence proposed measure is valid measures

Similarly we prove the validity of part (b)

Theorem 5: Let A be a fuzzy rough set in X, x = (us(x), us(x)),y = (us(y), 1y(y)) the fuzzy rough

values in A. Then the following measures of the degree of similarity between the fuzzy rough values x and
y defined below are valid measures.

a. Sosinl(x:y)=Sin[%(1_%(|,u,4_(x)_.u,4_(y)|+|m_m|) )]
b, Speos1(6,¥) = cos [ (|iaC) — )| + 12 — 1, 0] )|
C. Sotanl(xﬂy)ztan[%(l_%(|ﬂ,4_(x)_#,4_(y)|+|m_m|) )]

Proof: First we prove part ‘a’ defined valid measures. To prove this measure is a valid similarity measure
we must prove following lemmas:

Lemma 1: let A€ FR(X) and S,y ,1(x,y) is defined as above. Since x = (u,(x), us(x)),y =

(ma @), 1A () and z = (ua(2), na(2)) € A. If x<y<gz then
Sosin 1 (x' Z) < min{sosin 1 (x: y): Sosin 1 (y' Z)}

Proof: Since measure S;(x,y) =1 —%(|MA(x) - /,LA(y)| + |,uA(x) - ,uA(y)D is a valid measure, So we

have
1 —
— — 1> (|a@ = 10| + 112G = 1a )
1—%(|MA_OC)—MA(2>|+IuA(x>—uA(z>|)gmin zl(|u )|+ [1a G ~ ka7
15 (lu®) - 1@ +1:0) - @)

Since sine is an increasing function in interval [0, E]’ so we have

sin 51— 2 (Jua ) ~ @] + i - )|

sin |21 = > (1400 — 10| + 1269 - 1G] )]
s 1 -

sin |21 = (|10 - @) + 120 - m @) )|

Hence Sygn 1 (X, 2) < Min{S,qn 1 (%, V), Spsin1 (V. 2)}, whenx <y < z.

< min

Lemma 2: LetA € FR(X) and S, ;(x,y) as above. Then:

1. Spin1(x,y) =0 (x =(0,0) and y =(1,1)) or (x =(1,1) and y = (0, 0)).

2. Sein1(t,y) =1 py(x) = pa(y) and ta(X) = ().
Proof: Since measure S, (x,y) =1 — % (|,uA_(x) - M| + |m - mD is a valid measure, so in first
case we have (|/JA_()C)—MA_()I)| + |m—m|) = 2, then we have sin [%(1 —%(|uA_(x)—uA_(y)| +
a0 _ml) )] =0. Thus we have S,,:(x,y)=0 (x=(0,0)andy=(1,1))or (x =
(1,1)and y = (0,0)). In second case we have (|,uA_(x)— L(y)| + |m— mD =0, then
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sin E(l —%(|MA(x) - uA(y)| + |ua(x) - uA(y)D )] = 1. thus we have S,,;(x,y) =1 y,(x) =
pa(y) and py(x) = pua(y).

Lemma 3: Let A € FR(X) and S,;,,1(x,y) as above. Then Sy, 1 (X, V) = Spsin1 (¥, %) and Sygi 1 (x,¥) =
Sosinl(xcryc)'

Proof: Since measure S; (x,y) =1 — % (|MA(X) - uA(y)| + |;1A(x) - uA(y)D is a valid measure, so in first
case we have (|, (0) — )| + 12 @) — ) = (|40 = 14| + [120) — 1a@)]), then we

. 1 — — . 1
have sin[2(1 =2 (|1a@) = )| + 1@ = 12| )] = sin [F¢1 =3 (|ia®) = pa0)| +
UAY)—HA(x) . Thus we have Sosinly, y=Sosinly, x. Similarly we prove Sosinlxy, y=Sosinlxc, yc.

Lemma 4: Llet A€ FR(X) and S,,1(x,y) as above. If S,y 1(x,¥) = S,sin1(x,2) Vx € X, then
Sosinl(y: z) =1

Proof. Since measure S, (x,y) =1 —%(|MA(X) —,uA(y)| + |,uA(x) —,uA(y)|) is a valid measure, so we
have (|ia®) = 1a(@)| + [12G) — @) = 0 it for all x € X, (|uaC0) — )| + 12 @) — 1 O)]) =
(|u0) - @] + 120 — 12 @)]).  Then we have sin[Z(1 =3 (|ua®) — pa @] + [1a B -

HA(Z) =], if for all XYELX, sinz21—12uA(x)—uA)+uAx)—uAy)
=sinz21—12uA(x)—uA(z)+uA(x)—uA(z) . Thus we have Sosinly, z=1, when Sosinlxy, y=Sosinlxy, z
Vx € X.

Since above all four lemmas satisfies the property of validity for a similarity measure of the fuzzy rough
sets elements. Thus our proposed measure is a valid measure.

Similarly we prove part ‘c’ and since part ‘b’ is equivalent to part ‘a’ so it is also valid.

Theorem 5: Let A be a fuzzy rough set in X, x = (u,(x), us(x)),y = (us(y), us(y)) the fuzzy rough

values in A. Then the following measures of the degree of similarity between the fuzzy rough values x and
y defined below are valid measures.

1. Socosz(x: J’) = CO0s [% (pxy + ny )];
2. Sotan Z(x: J’) = tan [% (1 - % (pxy + 0xy)>]'

Proof: Since measure defined in first part is equivalent to the measure defined in —(3.5) which is a valid
measure hence our proposed measure is also a valid measure.

Now we prove second measure is a valid measure and we prove it by following lemmas

Lemma 1: Let A€ FF(X) and S,.,,,(x,y) is defined as above. Since x = (u,(x), us(x)),y =

(), wa () and z =y (2), us(2)) € A. If x<y<z then
Sotan 2 (X, Z) < min{sotan 2 (X, )’)' Sotan 2 (y' Z)}

Proof: Since measure S(x,y) =1 — % (pxy + o*xy) is a valid measure, So we have
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1
1 , 1—§(ny +0y)
1 =2 (px +0x,) < min

1 _E(pyz + O—yz)
Since tan is an increasing function in interval [O,H, so we have

( T 1 \
- 1 | tan 2 1—E(ny+0xy) |
tan|—|1 ——(sz +az) < min
4\" 2 4 | [rf, 1 |
ktan 7 1 —E(pyz + O'yz) J
Hence Span 2 (%, 2) < Min{Syan 2(X, V), Sotan 2 (¥, 2)}, whenx < y < z.
Lemma 2: LetA € FR(X) and S,,,, 2 (x, y) as above. Then:
1 Span2(6,y) =0 (x =(0,0)and y = (1,1)) or (x = (1,1) and y = (0, 0)).

2. Spran2(0,y) =1 & pa(x) = pu(v) and py(x) = s ().
Proof: Since measure S(x,y) =1 —%(pxy + axy) is a valid measure, so in first case we have (pxy +

oxy=2, then we have tanz41—12pxy+oxy=0. Thus we have SotanZx, y=0=x=0, 0 and y=1, 1 or
(x =(1,1) and y = (0,0)). In second case we have (pxy + o*xy) = 0, then tan E(l —%(pxy + axy))] =

1. thus we have S0 2 (X, ¥) = 1 & (%) = pa(v) and py(x) = pa (¥).

Lemma 3: Let A € FR(X) and S,;4, 2 (x,y) as above. Then S0, 2 (%, Y) = Span 2(¥, %) and Sy,n 2 (x,¥) =
Sotan 2 (xc’ yc)-

Proof: Since measure S(x,y) =1 —%(pxy + axy) is a valid measure, so in first case we have (pxy +

oxy=pyx+oyx, then we have tanz41—12pxy+oxy=tanz41—12pyx+oyx. Thus we have SozanZx,
y=SotanZy, x. Similarly we prove SotanZx, y=SotanZxc, yc.

Lemma 4: let A€ FF(X) and S,.,,,(x,y) as above. If S, 2(x,Y) = Syan2(x,2) Vx € X, then
Sotan Z(y' z) =1

Proof. Since measure S(x,y) =1 — % (pxy + axy) is a valid measure, so we have (pyz + O'yz) = 0 if for all
x€X, (pxy + axy) = (py, +0,,) Then we have tan E (1 —%(pyz + ayz))] =1, if for all x€
X, tan E (1 - % (pxy + axy)>] = tan E (1 —%(pxz + sz))]. Thus we have Sy4,2(v,z) =1, when
Sotan 2(%,Y) = Soran 2(%,2) Vx € X.

Since above all four lemmas satisfies the property of validity for a similarity measure of the fuzzy rough
sets elements. Thus our proposed measure is a valid measure.

5. Similarity & Distance Measures between Fuzzy Rough Sets:

Definition: Let 4, B € FR(X), X = {x, X3, ces oo, X }. If ER(X) = (uy(x), py(x)) is the fuzzy rough value
of x in A and FE(x) = (up(x), ug(x)) is the fuzzy rough value of x in B. Then the degree of similarity

between the fuzzy rough sets A and B corresponding to the similarity measures defined in section 4 can
be derived as
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n
1
My(4,B) == ¢ (EF (), FE (3)) G.1)
j=1
Zhang et al. [22] provide a similarity measure between two fuzzy rough sets as follows:
n
1 -
M8 = 1= (J - 0] + 146 - mG))
j=1

Qi et al. [24] provide a similarity measure between two fuzzy rough sets as follows:

Mo(B) =1~ 203 (loas) = )] + o) = s (5))

Sharma and Gupta [25] provide sine trigonometric similarity measure between two fuzzy rough set as
follows:

wf - (palx)—ps(x)) (oa(x) - 0u(x))

n
1
Mg (A, B =—Z' =1 1- —
s (4,B) Tl.lsm2 3 >
i=

Now the similarity measures between two set corresponding to measure defined in (4.2(a)) is

Mo 1 (4,8) ==Y sin[5 (1 =2 (Jua) ~ s )| + 1) ~ maG]) )| 52
=1

Now the similarity measures between two set corresponding to measure defined in (4.2(b)) is

Moy (A,B) = %Z cos [ (|1 @) ~ e 0)| + [1aG) ~im @) 53)

j=1

Now the similarity measures between two set corresponding to measure defined in (4.3) is

1~ qr, 1 -
Motan1(A,B) = ;Z tan [Z(l —§(|#A(xj) - ua(xj)| + [pa(x) — #B(x,-)l) )] (5-3)
j=1

Now the similarity measures between two set corresponding to measure defined in (4.7) is

n
1w xf |(ea@)=ps(x)| |(ea() = 0s(x))
M"t“nz(A'B)ZEZtanZ 1-— > - 2

i=

(5.4)

Now the similarity measures between two set corresponding to measure defined in (4.8) is

Mocos2A,B) =" cos (|(pa () — ps(3)| + [ (24 s (®))])  55)
=1
where  py(%) = ua() + (a@) = 1a(%) ) 1a()  and 0s(%) = 1= s () + (1a ) —
#A7)1— pudzy.

Itis clear that My (4,B) € [0,1], and A and B are more similar for superior value of My (4, B).
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The following inferences are evident.
Proposition 1. My (A, B) = My(B,A), My(A,B) = My (A°,B°).

Proposition2. My(4,B) = 0 & (A=X,(0,0)/x; and B = Y7L(1,1)/x;) or (A = X7,(1,1)/
xjand B =;=1m0, 0/%).

Proposition 3. My (4,B) = 1 © p,(x) = pp(x) and ps (%) = up (%), Vx; € X.
We may define the order relation between the fuzzy rough sets:
ASB o puy(x) < pg(x) and py(x) < pp(x), vy € X
Proposition 4: VA, B,C € FR(X), AC B S C = My(4,C) <min{My(4,B), My(B,C)}
Since above measures satisfy all the condition of similarity measure so these measures are valid
measures.
Definition: Let 4, B € FR(X), X = {x1, %3, e oo, X }. f FR(x) = (uy(x), py(x)) is the fuzzy rough value
of x in A and FE (x) = (up (%), ug(x)) is the fuzzy rough value of x in B. Then the degree of dissimilarity

between the fuzzy rough sets A and B corresponding to the distance measures defined in section 4 can
be derived as

n
1
7,(A,B) = ;Z Dy (EF (%), F# () (5.6)
j=1
Now the distance measures between two set corresponding to measure defined in (4.1) is
n
1 -
2B =53 (Jma) = k)| + 1) - 16 G.7)
j=1
Now the distance measures between two set corresponding to measure defined in (4.4) is
n
1 L -
Zysan 4,8) == sin[5 (Jiu ) = 15 )| + 1G5 — B2 G )] (5.8)

j=1

Now the distance measures between two set corresponding to measure defined in (4.5) is

Zorean 08) == Y tan 5 (|ua o) ~ )| + 2G5 — )| (5.9)
=1

Now the distance measures between two set corresponding to measure defined in (4.6) is

1 n
Zoa(B) =5 (Ipa(y) = ps()| + loa(x) — s (5)])  (5.10)
j=1

Now the distance measures between two set corresponding to measure defined in (4.9) is

n

1
Zusinz A B) == sin 7 (1pa(y) = pa()] + loa(y) — o (x)D)]  :11)

j=1

Now the distance measures between two set corresponding to measure defined in (4.10) is
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1 n
Zotan2(A,B) = n E tan [gqu(xj) - pB(xj)| + |UA(xj) - UB(xj)D] (5.11)
j=

where (%) = 1 05) + (HaG) —aG)) i) and () = 1— () + (aC) -
HACG)1— pAxy.

Itis clear that Zy (4, B) € [0,1], and A and B are more dissimilar for superior value of Zy (4, B).

The following inferences are evident.

Proposition 1. Zy (A, B) = Zy (B, A), Zx(A,B) = Zy(A°,B°).

Proposition2. Zy(4,B) = 1 & (A=3X7",(0,0)/x and B = ¥ ,(1,1)/x) or (A = X,(1,1)/
xjand B =;=1m0, 0/%).

Proposition 3. Zy(4,B) = 0 & m = Kxj)and pa(x) = ug(x),vx; € X.
We may define the order relation between the fuzzy rough sets:
ACSB & puy(x) < pp(x) and py(x) < pip (%), ¥x; € X
Proposition 4: VA,B,C € FR(X), ASB S C = Zy(A,C) = max{Zy(A,B),Zy(B,C)}
Since above measures satisfy all the condition of distance measure so these measures are valid measures.

6. Application and Comparison of Proposed and Existing Measures:

Here we expound the application of suggested measures by simulated data onto a hiring decision
problem. The dilemma is involved in 4 applicants (4;,4,,45,4,) for a position; everyone is appraised
over five characteristics, which are experience in the specific job function (a), educational background (b),
adaptability (c), aptitude for team work (d), personality (e). For every applicant we establish FRSs function
by fuzzy method or probability method and obtain their attribute values represented in table 1.

a b c d e

A; | [0.4,0.6] | [0.3,0.7] | [0.5,0.9] | [0.5,0.8] | [0.6,0.8]

A, | [0.2,0.4] | [0.3,0.5] | [0.2,0.3] | [0.7,0.9] | [0.8,1]
A; | [0.1,0.1] [0, 0] [0.2,0.3] | [0.1,0.2] | [0.6, 0.6]

A, | [0.8,0.8] | [0.9,1] [1,1] [0.7,0.8] | [0.6, 0.6]

Table 1: Attribute sets of the applicants

The optimal attributes values of applicants which are used as a referenced to compare the existing one is
represent by 4, as A = {[0.3,0.5],[0.4, 0.6], [0.6,0.8],[0.5,0.9],[0.9,1]}.
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a b c d e a b c d e
Ka, | 0.40 | 0.30 | 0.50 | 0.50 | 0.60 Ma, | 0.20 | 0.30 | 0.20 | 0.70 | 0.80
U4, | 0.60 | 0.70 | 0.90 | 0.80 | 0.80 Ha, | 0.40 | 0.50 | 0.70 | 0.90 | 1.00
T4, | 0.20 | 0.40 | 0.40 | 0.30 | 0.20 T4, | 0.20 | 0.20 | 0.50 | 0.20 | 0.20
P4, | 0.48 | 0.42 | 0.70 | 0.65 | 0.72 Pa, | 0.24 | 0.36 | 0.30 | 0.84 | 0.96
oy, | 0.48 1 0.42|0.14 | 0.26 | 0.24 gy, | 0.72 /| 0.60 | 0.45 | 0.12 | 0.00

a b c d e a b c d e
Hay 0.10 | 0.00 | 0.20 | 0.10 | 0.20 Ma, | 0.80 | 0.90 | 1.00 | 0.70 | 0.60
y_A3 0.10 | 0.00 | 0.30 | 0.20 | 0.20 Ha, | 0.80 | 1.00 | 1.00 | 0.80 | 0.60
T4, | 0.00 | 0.00 | 0.10 | 0.10 | 0.00 T4, | 0.00 | 0.10 | 0.00 | 0.10 | 0.00
Pa, | 0.10 | 0.00 | 0.22 | 0.11 | 0.20 pa, | 0.80 | 0.99 | 1.00 | 0.77 | 0.60
gs, | 0.30 | 1.00 | 0.77 | 0.88 | 0.80 gy, | 0.20 | 0.00 | 0.00 | 0.22 | 0.40

a b c d e

Hs | 030 | 0.40 | 0.60 | 0.50 | 0.90

Uy | 0.50 | 0.60 | 0.80 | 0.90 | 1.00

74 | 0.20 | 0.20 | 0.20 | 0.40 | 0.10

ps | 036 | 0.48 | 0.72 | 0.70 | 0.99

o, | 0.60 | 0.48 | 0.24 | 0.14 | 0.00

Using the proposed and existing similarity measures we find the suitable applicant for the job in given
applicants. For this we find the similarity between standard set A and given four applicant sets. For
comparison, we show the final results of the above similarity measures as in table 2.

(A,A) | (4,4,) | (A4,43) | (4, 4,) Order

M1 (A,A) | 0976 | 0976 | 0678 | 0.857 | A, =4, > A, > A,

M,es1(AA) | 0976 | 0976 | 0.678 | 0.857 | A, =4, > A, > A,

Myan1(A,A) | 083 | 083 | 0411 | 0586 | A, = A, > A, > A,

My(A,A;) | 0884 | 087 | 0449 | 0671 |A; >4, >A,> A,

Mg (A,A;) | 0977 | 0967 | 0.624 | 0.845 | A, > A, > Ay > A

M,es2(AA) | 0977 | 0962 | 0723 | 0.845 |4, > A4, > A, > A,

M, 2(A,A) | 0.836 | 0.788 | 0.446 | 0593 | A, > A, > A, > A,

Table 2. Similarity degree of different similarity measures between applicants
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Using the proposed distance measures we find the suitable applicant for the job in given applicants. For
this we find the dissimilarity between standard set A and given four applicant sets. For comparison, we
show the final results of the above distance measures as in table 3.

A4,A) ] A A) ] 44 ] @A) Order
Z,0(AA) | 012 | 012 | 051 | 033 [A, =4,<A4,<A4;

Zyn1(A,A) | 0186 | 0.186 | 0.698 | 0.489 | A, = A, < A, < A,

Zotan 1(A,Ai) 0.094 0.094 0.43 0.266 A1 = A2 < A4 < A3

Z,,(4,A) | 0116 | 0.154 | 0.471 | 0329 | A, <A, < A, < A,

Zosn2(A,A) | 0179 | 0237 | 066 | 0482 | A, <A, <A, < A,

Zoan2(A,A) | 0091 | 0122 | 0392 | 0.267 | A, <A, <A, < A,

Table 3. Dissimilarity degree of different distance measures between applicants

From table 2 we see that for similarity measures M;(4,4;), Myun1(4,4;), Mys1(4,4;) and
M,ian 1(4,4;), we have applicants order as A; = A, > A, > A, thus here in taking decision difficulty
arises because applicants A;& A, has same standard. It shows that the similarity measures corresponding
to Zhang et al. [22] proposed measures are not suitable for making decision. While for similarity measures
My (A A, Msg (A, A;), Mycos2(A, A;) and My, 2 (4, A;), we have applicants order as A; > A, > Ay > A3,
here we prefer applicant A;, because he has high similarity value with respect to standard set value of
applicants.

Similarly, from table 3 we see that for distance measures Z,; (4, 4;), Zysin1(4,4;) and Z 0, 1 (4, 4;), we
have applicants order as 4; = A, < A, < A3, thus here in taking decision difficulty arises because
applicants A; & A, have same standard. It shows that the distance measures corresponding to Zhang et al.
[22] proposed measures are not suitable for making decision. While for distance measures Z,,(4,4;),
Zosin2(A,4;) and Z,.,,(4,4;), we have applicants order as 4; < 4, < A, < Az, here we prefer
applicant A1, because he has low dissimilarity values with respect to standard set value of applicants

The comparison of similarity measures are shown in fig. 1. Here series 1 to series 4 shows the similarity
value of sets (4, 4;) to (4, 4,), and number 1 to 8 shows the different similarity measures as order shown
in table 2 respectively.

The comparison of distance measures are shown in fig. 2. Here series 1 to series 4 shows the dissimilarity
value of sets (4, 4;) to (4,4,), and number 1 to 6 shows the different distance measures as order shown
in table 3 respectively.
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Fig. 2: The comparison chart of different distance measures discussed above

7. Conclusion:

Similarity and distance measures are good tools in the concept of vagueness and inexactness. Both are
complementary to each other. We can derive one measure with the use of other measure. Using this
concept here we propose some distance measures between fuzzy rough sets and their element by using
existing similarity measures. Corresponding to these proposed measures we also propose some
trigonometric distance measures. Here we also proposed some trigonometric similarity measures
between fuzzy rough sets and their elements. Also show their validity. At last we discussed the application
of proposed measures in decision making problems and compare them. Here we also conclude that the
similarity and distance measures which are proposed by using Qi et al [24] is more suitable than Zhang et
al [22].
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